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Phase Noise Characterization of SAW

Oscillators Based on a Newton
Minimization Procedure
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Earl E. Clark III, Member, IEEE

Abstract —An iterative minimization technique is used to opti-
mize the values of circuit and device parameters which deter-
mine the phase noise response of a voltage-controlled SAW-

stabilized oscillator (VCSO). An expression developed by Parker
is used to calculate the double-sideband phase noise to carrier
ratio from circuit parameter values; good agreement between

calculations and phase noise measurements is achieved by mini-
mizing the squared error through the use of a steepest-descent/

Newton-Raphson minimization scheme. Less accurately known

circuit parameters are thus optimized in an iterative fashion.

Exact expressions for the elements of the Hessian matrix are

nsed in the Newton-Raphson procedure, allowing for fast com-

putations.
Although this technique is primarily useful in the determina-

tion of circuit parameter values, it can also be used to develop
an understanding of the effect of individual parameters on

phase noise response (i.e., the sensitivity of phase noise charac-

teristics to circuit and device parameter variations). Addition-
ally it may be of use in the design of low-phase-noise oscillators

by using desired (rather than measured) phase noise values in
the objective function to be minimized.

I. INTRODUCTION

A N understanding of the sources of phase noise in

microwave oscillators becomes important as phase

noise specifications become increasingly stringent in

state-of-the-art radar and navigation systems. The re-

quirements for lower phase noise levels have led to cur-

rent interest in describing and understanding the sources

of frequency fluctuations in resonator-stabilized oscilla-

tors [1], [2]. For example, the sources of so-called l/~ or

flicker noise in SAW-stabilized oscillators have been the

subject of recent investigation; this noise phenomenon

predominates in most SAW devices [3]. An expression
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developed by Parker can be used to predict the doutjle-

sideband phase noise to carrier ratio for a SAW-reso-

nator-based oscillator [4], [5]:

s,(fm)=[*]+[(2::)2f:l+

[12GFKT/Po
+

+ (2 T,g)2f;

where fm is the carrier offset frequel

2a&fc$

f’ ??1 1
~~ 2G’ [1)z+ o

cy. In this equation,

G and F are the compressed power gain and noise factor,

respectively, of the oscillator loop amplifier; f. and PO

are respectively the carrier frequency and power level at

the loop amplifier output. The SAW device is character-

ized by the parameters ~g, QL, and aR, which are respec-

tively the SAW group delay, the loaded Q ( = mfO~g), and

the flicker noise constant. The constant a~ is the flicker

noise constant of the loop amplifier, and K and T are

respectively Boltzmann’s constant and the temperature in

degrees Kelvin. In practice, aR and a~ are determined

from open-loop phase noise measurements of the SAW

device and loop amplifier [6]. Fig. 1 illustrates the circuit

topology under consideration; a feedback loop formed by

a voltage-variable phase shifter in series with a resonant

SAW device is used to adjust the oscillation frequency.

The transmission characteristics of a typical SAW device

are also shown.

If sufficiently accurate estimates of parameter values

are available, the Parker expression can be used to calcu-

late the phase noise characteristic of a SAW-based oscil-

lator. In general, however, inaccuracy in the estimated

values of the parameters will lead to discrepancy between

the calculated values and values measured on a phase

noise measurement system. This inaccuracy may arise

from the difficulty in characterizing open-loop phase nc~ise

response for passive loop components such as the SAW

resonator or the difficulty in inferring precise parameter

values under closed-loop (large-signal) operating cor~di-

tions.

It is possible to use a carefully measured phase nolise

characteristic to determine accurate values for less accu-
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Fig. 1. Voltage-controlled SAW oscillator block diagram and typical
SAW transmission characteristics.

rately known values of the circuit and device parameters.

Our approach has been to employ an iterative technique

to minimize a nonlinear function which expresses the

squared error between measured phase noise values and

values computed using (l). In Section II we describe the

formulation and implementation of our algorithm and

discuss the numerical considerations which led to the

specific choice of the squared-error function. We also

describe an alternative form of (1) which is useful in

understanding the circuit- and device-related contribu-

tions to phase noise behavior. In Section HI we present

examples of calculations performed using the algorithm,

including graphical illustrations of objective function er-

ror as a function of frequency and circuit parameters.

11, FORMULATION OF THE ALGORITHM

A. The Squared-Error Function

Consider the error function

(2)

where the first term in the brackets, S$, represents the

calculated value of ph~se noise to carrier ratio using (1)

and the second term, S, represents the phase noise values

measured at N discrete frequencies ~,, i = 1,”. s, N, The

vector x consists of those parameters x~, k = 1,. “ *, M,

which are to be accurately determined using the iterative

minimization scheme, for example a~, q~, and the loop

amplifier noise factor, F.

In the usual fashion, we can minimize the error func-

tion, q(x), by locating the point in parameter space where

the gradient vector of (2) vanishes [7]:

g(x) =0 (3)

where

‘(X45””7%IT
(4)

A Newton–Raphson iteration is used to drive the gradi-

ent vector to zero: an updated estimate for the parameter

vector x, XO+I, is derived from the original parameter

estimate XU as

x U+l =xu– G-l(xu)g(xL, ) (5)

where the symmetric Hessian matrix, G(x), is

[1(P(+7
G(x)= = , i,j=l, ”””, ill. (6)

L 1

Expressions for the gradient vector and for the elements

of the Hessian matrix will be presented shortly.

Because the Newton–Raphson technique may be slow

to converge if the initial estimate is far from the error

function minimum, it is helpful to employ an alternative

minimization scheme for the initial phases of the mini-

mization process. The steepest-descent method uses the

negative of the gradient vector (4) to indicate the direc-

tion of the maximum decrease in the error function. An

updated estimate for the parameter vector x is derived

from the original parameter estimate, XU, as

x U+l =xU–k,>”g(x,, ) (7)

where k, is an appropriate scaling factor. In practice, a

combination of steepest-descent and Newton –Raphson

techniques may be used to effect an efficient function

minimization.

At this point, it is important to recognize that there are

two crucial assumptions involved in the valid application

of this algorithm: (i) the phase noise values &~, ) are

indeed accurate measurements of the actual phase noise

of the oscillator under test and are uncorrupted by effects

of measurement instrumentation noise; and (ii) the equa-

tion (1) provides an accurate description of the phase

noise phenomenology for the oscillator being character-

ized.

Regarding the first point, the accuracy of the phase

noise measurements depends upon many factors, for ex-

ample, the measurement technique employed (frequency

discriminator, two-source, three-source, or direct spec-

trum analyzer measurement) and the noise levels inherent

in the instrumentation hardware. In the two-source tech-

nique, for example, a noisy reference source contributes

an error in the noise measurement given by Error (dB) =

10 log(l + P,.f /POJ, where PO,C is the actual oscillator
noise power and P,e~ is the actual noise power generated

in the reference oscillator [8]. An estimate can thus be

derived for the instrumentation-induced error in the phase

noise measurements, and from this estimate a study of the

worst-case errors expected in the parameter vector x can

be conducted. More comprehensive approaches for deter-

mining worst-case uncertainty associated with various

phase noise measurement techniques are readily available

from manufacturers of phase noise measurement instru-

mentation [9], [10].

Regarding the application of (l), a number of assump-

tions are implicit in the development of this expression,

for example, the effect of in-band and out-of-band SAW
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impedance variation on such circuit parameters as loop

amplifier noise factor. (In the case of the SAW oscillator

studied later, resistive loss was used to mitigate the ef-

fects of out-of-band SAW impedance variations.) A model

for the SAW-stabilized feedback-loop oscillator was origi-

nally described by Leeson [11] in 1966 and used by Parker

and Montress [6] in the derivation of (l). It is important

to note—as indicated in Parker [4] —that the oscillator

loop amplifier is presented with an identical equivalent

generator impedance (i.e., feedback device impedance)

for both open-loop and closed-loop measurements used

to determine the various circuit and device parameters.

An extensive development of (1) is available in the litera-

ture, including effects of circuit topology and impedance

matching on the parameters involved (see, for example,

[4, p. 102]). The reader should consult the references to

obtain a thorough appreciation of the assumptions im-

plicit in (l).

Let us now reconsider the specific form of the error

function (2). Although the procedure for determining an

optimum parameter set x by minimizing (2) is theoreti-

cally sound, the very high dynamic range of phase noise

values encountered in practice (10 to 15 orders of magni-

tude) results in unacceptable numerical difficulty. For

example, circuit and device effects far from the carrier

frequency would be masked “by “close-in” effects which

would numerically dominate, owing to truncation and

rounding errors.

For this reason, it is expedient to modify (2) logarithmi-

cally as follows:

N

{ [ 1}

~d(.fl> x) 2
@(x) = ~ $dB(fz)–lo”loglo 2 (8)

~=1
.

where the measured phase noise values, S@ are now

expressed in terms of decibels relative to the carrier level

in a 1 Hz bandwidth (dBc/Hz), and the computed values

are also converted to the same units. (Our nomenclature

for phase noise to carrier ratio, ~~~(~), is also commonly

denoted as &~)). This modification serves to ameliorate

numerical difficulties. Minimizing (8) minimizes the

squared error between the measurements (in dBc/Hz)

and the calculated values; increasing the exponent from 2

to a large number would result in a minimization in the

minimax sense.

Calculation of the elements of the gradient vector is

straightforward. Differentiating (8) gives

( )1

s~(f,>x)
-= f 2- %Jf[)-lo”kl, ~

~=1

as+

“[ )
–lo”—

axk

In 10. S+
(9)

where the derivatives of (1) are evaluated for the specific

parameters to be optimized. For example, if we consider

the flicker noise constants a. and a. and the loo~

amplifier noise factor, F, then the appropriate derivatives

of S4 are

ds+ 2 QLfj fj
—. —

daR fi2
+2

(10)

m+ 1 1
+— (11)

&lE = (2mTg)2f~ f,

and

ds+ 2GKT

aF = P.

1 11+(27TTg)2f~ “

(12)

Here the derivatives are evaluated at a specific offset

frequency ft. The elements of the Hessian matrix can also

be computed explicitly:

~2@ –L(I N – 10 S’(x, )S’(X~)
— .—

dxjdxk
x

ln10 i=l (ln10)S2

‘(’$+)+)
Ss’’(x,xk) – s’(x, )s’(x~)

s’
(13)

where S is the value computed from (l), S’ represents “the

first partial derivative of (1) with respect to the parameter

in parentheses, and S“ represents the second partial

derivative with respect to the parameters indicated. The

function S and its derivatives are all functions of fre-

quency f,; for clarity, however, the summation index has
been omitted in those terms above.

B.” Implementation of the Minimization

Equation (8) was derived to prevent numerical diffi-

culty owing to the wide dynamic range in phase noise

values. Additionally, it is helpful to note that the parame-

ters to be determined also vary over a wide dynamic

range: for example, a~ is of the order of 10– 38 whereas F

may lie in the range 1– 100. For this reason, it is beneficial

to scale the parameters of interest in (l). If we express f.

in GHz and ~g in ws, and if we scale aR and a~ by

factors of 1038 and 1012 respectively, then we can rewrite

(1) as

sd(fm)=[*lo-2]+[ (2::)2f:]

[ 1[

2aRQLf; . ~o_ll + 2GFKT/Po
+ .101”

f: (2mg)2f; 1
[1

2GFKT
+ =.10-12 +

f. P.
(14)

where the variables discussed above now assume scaled

values, including QL( = n-fOTg), which must also be scaled

bv a factor of 10-3. The derivatives of S. in (9) must be.. . . . v
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modified accordingly when the scaled parameter values

are being used.

The iteration proceeds by first selecting a best estimate

of the parameter vector x from measurements of the

components which comprise the voltage-controlled oscil-

lator [4]. The appropriate derivatives of S are computed

(from (10)-(12), for example) as are the elements of the
gradient vector g(x) given by (9).

At this point, if a steepest-descent approach is used, (7)

allows the determination for an improved estimate for the

parameter vector x. The constant k. can be determined

by estimating a value which locates the function minimum

along the gradient direction; we used a less elegant ap-

proach wherein k,, was chosen so that the greatest change

in any parameter value did not exceed 50%. This ap-

proach was successful and did not appear to result in a

significant increase in computation time.

As a function minimum is approached (noted when the

incremental change in parameter values decreases), our

algorithm switches to the Newton–Raphson technique.
The elements (13) of the Hessian matrix G are computed

and used to derive an improved estimate of the parameter

vector using (5). The iteration then repeats until an error

criterion is satisfied; in our case we iterate until the Lz

norm of g(x) falls below a given tolerance. For the

parameter set x = [ aR, aE, FIT we note that the second

partial derivatives are zero in the expression for the

Hessian elements (13).

The matrix inverse of G in (5) can be calculated analyt-

ically if only a few parameters are being considered.

However if x is composed of many parameters, then it is

best to replace (5) with

G,(xU)” Ax=–g(~o) (15)

where AX= XU+I– XU. Equation (15) is solved for Ax

(and thus XU+ ~) using a standard matrix equation solver.

Again, because the parameters involved exhibit a wide

dynamic range it is usually necessaw to normalize param-

eters as in (14) and/or to employ a matrix pivoting

scheme in the numerical routine which solves (15) for Ax.

C. An Alternative Expression for S4

The flicker noise constants a~ and aE in (1) have a

similar dominant effect on the close-in phase noise behav-

ior for a SAW-stabilized oscillator owing to the ( f.,)’3
dependence. The similarity can be more clearly seen if

one considers the expressions used to estimate these

constants. From an open-loop phase noise measurement

of the amplifier, S&J fro), one can calculate a~ from

~E = fms&(fm) . (16)

Similarly, the constant a~ is computed from an open-loop

phase noise measurement of the SAW resonator:

frrzsjR(f~)

aR = (2 Q~fO)2 “
(17)

If we define a new parameter kl to be ~,.S~R(~n), from

(17) and the fact that Q.= mfOrg we can combine the

gl HOI 232 901 .12 MHZ VCSO
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Fig. 2. Phase noise measurement of 0.9 GHz VCSO.

first two terms of (1) as a single term and rewrite (1) as

So(fm)=[(::;fi:]+ [(,::)f:l

II2 GFKT/PO 2GFKT
+=+ . (18)

+ (2%-Tg)2f; frrl p.

The constant kl is found in the same way as is a~ —it is

just the open-loop phase noise value at a 1 Hz offset—and

it has the same relative magnitude as a~: 10 – 12. Expres-

sion (18) illustrates a fact pointed out by Parker [4,

p. 104], that either the resonator or the amplifier may

dominate the (close-in) phase noise response, and that for

a given aR the loaded Q may affect which component
dominates, since k ~= (2 QLfO)2aR. The fact that aR and

a~ have a similar effect on phase noise is further dis-

cussed in the next section.

If one wishes to predict the open-loop phase noise

response for the SAW resonator, (18) may be used to

optimize for a value of k ~; the predicted phase noise to

carrier ratio, &R(f), at a 100 Hz offset (for example) is

then given by [10- (log (0.5kl) – 2)] dBc/Hz.

III. EXAMPLE OF THE TECHNIQUE

Fig. 2 illustrates a phase noise measurement of a 0.9

GHz voltage-controlled SAW oscillator (VCSO) stabilized

using an RF Monolithic SAW device which has a typical

group delay of 1 ~s and a loaded Q of 2831. The

compressed power gain of the loop amplifier was mea-

sured to be 12.0 dB and the carrier power level at the

output of the VCSO loop amplifier is 16 dBm.

The phase noise measurements in Fig. 2 were made

using a two-source technique such that the measured data

shown reflect the actual noise of the oscillator being

tested. The VCSO under test uses a SAW device which

was 50 Q matched to the loop amplifier in-band; resistive

padding at the input and output of the loop amplifier

provided control of the out-of-band SAW impedance vari-

ations. Note also the significant out-of-band SAW attenu-

ation (Fig. 1), which results in large loop loss outside the

operating frequency range.
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Fig. 3. Comparison of calculated phase noise characteristic with mea-

sured data.
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Fig. 4. Error function magnitude plotted versus flicker noise constants
a~ and CYE.

Initial values for the flicker noise constants for the

SAW device and for the loop amplifier were chosen to be

a~ = 3.0 “ 10-12 rad2/Hz2 and a~ = 11.5”10-38

rad2/Hz 2, and the noise factor F was estimated to be 60

(17.8 dB). Fig. 3 illustrates the results of our minimization

of (8); the summation in (8) ranged over 10 offset fre-

quencies from 20 Hz to 1 MHz. The parameter vector x

consisted of the parameters F, k 1 (or ~R), and a~ as

quantities to be varied. Upon completion of the minimiza-

tion, the noise factor, F, did not change significantly from

its initial value of 60, but ~R = 1.06-10-38 and ~~ = 0.38-

10-12 as final values. For this example, the steepest-

descent technique was adequate to determine the approx-

imate function minimum, and the iteration was stopped

when the error function did not appreciably decrease in

value from iteration to iteration.
A better fit to the measured data results if Tg is

included as a parameter in x. Unfortunately, the opti-

mum value for ~g for minimizing the squared error tends

to unreasonably high values and thus rg was omitted from

the parameter vector. The source of this numerical prob-

10 100 lK 10K

Carrier Offset Frequency (Hz)

Fig. 5. Open-1oop amplifier phase noise measurement.
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Fig. 6. Open-loop SAW phase noise measurement.

lem is probably due to the high sensitivity of the objective

function (8) to this parameter. This illustrates the well-

established fact that a minimization approach JO paranle-

ter determination requires careful attention to prevent

unreasonable solutions for the parameter vector, particu-

larly in our case if inaccuracy exists in the data for offset

frequencies far from the carrier. We expect that by apply-

ing a suitable frequency-dependent weighting function in

(8), we can reduce problems which arise from uncertainty

in the data values far from the carrier. Another common

technique is to apply bounds on the parameter vector x to

prevent unreasonable numerical solutions.

It is interesting to view the error function behavior as a

function of the parameters a~ and ~E. Fig. 4 illustrates

the magnitude of the error function as ~R and ~~ are

logarithmically varied over a wide range; note that the flat

valley confirms the observation made in the previcms

section that each of these two parameters can have a

similar effect on phase noise behavior. In order to assess

the accuracy of our minimization, we plotted a straight

– 10 dB/decade line (a~ or a~ = constant) on caref~lllY

measured open-loop phase noise characteristics for the

SAW resonator and for the loop amplifier, shown in Figs.

5 and 6; the agreement is good. The data in the open-loop

phase noise measurement for the SAW device were ornit-
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Fig. 7. Iteration history and comparison of initiallfinal discrepancy
between calculated and measured phase noise to carrier ratio.

ted for frequencies beyond a 1 kHz offset because the

measurement system loses phase track for these frequen-

cies. Because the determination of a~ may be difficult for

narrow-band passive devices which exhibit significant loss,

a minimization approach may be an alternative, inexpen-

sive technique for determining this flicker noise constant;

in this case a~ may be omitted from the parameter vec-

tor x.

We conclude by illustrating the iteration history for the

minimization on the 0.9 GHz VCSO. Fig. 7 depicts the

error function @(x) as a function of iteration index as the

minimization progresses. The minimum value is ap-

proached after seven iterations, which is a typical result.

The lower plot in Fig. 7 illustrates the difference between

calculated and measured phase noise to carrier ratio as a

function of offset frequency, for the final (ninth) iteration.

The improvement resulting from the minimization is evi-

dent.

IV. CONCLUSIONS

Determination of the parameter values which relate to

the phase noise performance of a VCSO can be accom-

plished by minimizing a squared-error function which

represents the difference between calculated and mea-

sured values of phase noise to carrier ratio. An expression

developed by Parker is employed in the calculation of the

double-sideband phase noise values.

As in any minimization scheme, care must be employed

to prevent nonphysical or meaningless solutions for the

parameter vector which is to be determined. To prevent

difficulty, attention should be paid to the following con-

siderations: (i) proper choice of parameters which com-

prise x and numerical bounds which constrain x; (ii)

specific choice of minimization scheme (steepest-descent

with damping versus Newton–Raphson, for instance); (iii)

accurate acquisition of original measurement data; and

(iv) appropriate weighting of the error function which is
to be minimized. Our numerical findings suggest that

useful results can be obtained in the determination of

VCSO circuit parameters.
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